Abstract. We analyze a variety of basic properties of a new class of polynomials generalizing different classes of Hermite polynomials such as the real, Gould-Hopper, as well as the 1-d and 2-d holomorphic, ternary and polyanalytic complex Hermite polynomials. Mainly, we are interested in their operational representations, different generating functions, recurrence relationships, higher partial differential equations they obey. We also derive some special identities including addition formulas of Runge type, multiplication and Nielson formulas. Their relationship to the Gould-Hopper polynomials and the hypergeometric functions are also discussed.
Introduction
The Hermite polynomials
(n − 2k)! on the real line as well as their various generalizations are widely studied in the literature. They have found many applications in many branches of mathematics, physics and engineering (see e.g [17, 27, 34, 19] and the references therein). Their tensor product H m (x)H n (y) is a specific 2d-generalization that form an orthogonal basis of L 2 (R 2 ; e −x 2 −y 2 dxdy). The holomorphic Hermite polynomials H n (z), obtained by replacing the real x by the complex variable z, are another natural and interesting extension of H n (x) to the complex plane C. The associated functions e −z 2 /2 H m (z) form an orthogonal basis of a like Bargmann-Fock space (see e.g. [36, 3] ). For their analytic and combinatoric properties (see e.g. [34, 20] where n ∧ m = min{n, m}. Such polynomials, introduced by Itô [22] in the context of the complex Markov process, are basic tools in the nonlinear analysis of traveling wave tube amplifiers [2] . More specifically, they appear in the calculation of the effects of non-linearity on broadband radio frequencies in communication systems. For their properties and applications one can refer to [11, 12, 20, 10, 13] . Further classes of these generalizations are introduced and studied recently, such as the complex bivariate holomorphic Hermite polynomials H n,m (z, w) and the ternary Hermite polynomials H n,m (z, w, x), see [14, 20] and ( [26] , respectively. They enter in the study of Novikov-Veselov equation [6] . Moreover, it turns out that H
n (x|(−1) p+1 t) are the so-called heat polynomials which are solutions of the higher order heat equation (−1) q+1 ∂ 2q ∂x 2q u(x, t) = ∂ ∂t u(x, t) (see [16] ). For further of their properties, we can refer to [15, 8, 25, 8] and the references therein.
In this paper, we are concerned with a special and unified generalization. More precisely, we deal with the polynomials
The polynomials H • Connection to Gould-Hopper polynomials (Section 9). 
n (z|γ) hold trues. The second identity follows also using the symmetry property 
Otherwise (i.e., when p n or q m), we have 
An equivalent definition of (1.2) is given by the following operational formula.
Theorem 2.3. We have
Proof. The result is clear for p = q = 0. The case of p = 0 and q ≥ 1 immediately follows from the one corresponding to p ≥ 1 and q = 0 by the symmetry property (2.1).
For the last case (p ≥ 1 and q = 0), we use ([9, Eq. (6)]) to get
n,m (z, w|γ). While for p ≥ 1 and q ≥ 1, we have
] and vanishes otherwise, we obtain
This completes the proof.
We conclude this section by giving the expression of H
is given by the following. 
The involved factorial (n − pk)! can be expressed in terms of the Pochhammer symbol as
in virtue of (n − pk)! = (1) n−pk , for pk n, combined with the identity ([31, Eq. (21),
Therefore, the Gauss multiplication theorem ([31, Eq. (26)
Thus, we obtain
This is exactly the desired result (2.8).
Corollary 2.5. We have the following formulas
The previous classes of Hermite polynomials described in Corollary 2.5 can be expressed in terms of the confluent hypergeometric function 1 F 1 . To do so, we need to the following transformation formula. Lemma 2.6. For every z ∈ C and n, m ∈ N, we have the identity
Proof. By specializing the identity ([1, p. 504])
for a = −n, b = −m, such as n ≤ m, and using the fact
For m ≤ n, we proceed in a similar as above to obtain
This completes the proof for the desired identity.
Remark 2.7. Using the previous lemma we recover the following representations ([28,
and (see [18, 
The next corollary gives the expression of H n,m (z, w|γ) in terms of the confluent hypergeometric function.
Corollary 2.8. For any z, w ∈ C, we have
and then applying Lemma 2.9, we get the result desired.
Generating functions.
In this section we give different generating functions for the polynomials H (p,q) n,m . We begin with the following partial generating functions.
Proposition 3.1. For every complex numbers u, v, z and w, we have
Proof. We only need to establish (3.1), since (3.2) can be obtained from using (2.1). The proof of (3.1) lies on the operational realization of H
n,m (z, w|γ) provided by Theorem 2.3. Indeed, we have
This completes the proof of (3.1). 
The next generating function is a consequence of the previous one and gives the closed expression of
Proof. Direct application of (3.1) infers n,m (see Appendix 9) .
The next result, which in fact a corollary of the previous one, is needed to prove and simplify some relations like the limit (3.6) and Runge formula below. More precisely, we assert Proposition 3.5. For any a, b ∈ C, we have
Proof. The result (3.5) follows from
which can be obtained making use of the generating function (3.3) and the observation that
As immediate consequence Corollary 3.6. We have
Proof. By replacing a and b by 1 t in (3.5), we get The last generating function can be extended to a general setting and concerns
where (x) m == x (x + 1) · · · (x + m − 1) denotes the Pochhammer symbol. We define also the falling factorial to be (
Theorem 3.8. For any j, k, p, q ∈ N and z, w, u, v, γ ∈ C, we have:
Proof. Using the definition of H (p,q)
n,m , we get
Hence, making use of the generating function ([29, Theorem 2.1]),
we arrive at
. This ends the proof. 
Theorem 3.10. For any n, m, p, q ∈ N and z, w ∈ C, we have :
Proof. By means of (1.2), we get 
Now, using (2) and the fact
This completes the proof of the required result. 
.
Runge formulas
In this section, we establish a generalized Runge type formula with respect to the three variables z, w and γ. It gives rise to special generalization of the well-known ones for the real Hermite polynomials [30] and the polyanalytic Hermite polynomials [12] . 
Proof. We perform
Then, using the generating function (3.3) as well as 
we get
(4.3) Finally, the result follows bv identification. 
Remark 4.3. The addition formula (4.1) for the special case
, combined with (3.5) gives rise to the identity
As immediate consequence of Theorem 4.1, we assert the following.
Corollary 4.4.
For any z, z , w, w , γ, γ ∈ C, we have:
Proof. By taking γ = γ in Theorem 4.1 and next using the fact that
n,m (z, w|2γ), we get (4.4).
A direct proof of Corollary 4.4 is given in the Appendix 9. 
For p = 2 and m = q = 0, we find the Runge formula for the real Hermite polynomials [30] H
Multiplication formulas
We begin with the following multiplication formula needed to prove a recursion relation with respect to parameters p and q.
Proposition 5.1. We have the identity
we obtain
Thus, (5.1) readily follows by identification of power series in u and v.
Another multiplication formula is the following.
Proposition 5.2. For every a, b, c ∈ C, we have
Proof. By applying (3.5), we get
By (5.1), we obtain
This infers (5.3).
Remark 5.3. Accordingly, the following multiplication formula for the Gould-Hopper polynomials
is new. Notice also that for p = 2, q = 0, w = 1 and γ = −1, we recover the multiplication formula for real Hermite 
Recurrence formulas
In this section, we invest in the derivative relations and the multiplication formulas in order to obtain the recursion relations correspond to the four parameters n, m, p, q. We give first the derivative relations. (6.1)
Proof. We use the operational formula (6.7) combined with the fact that e γ∂ p z ∂ q w and ∂ z commute to get (6.1). Indeed,
We obtain (6.2) by the symmetry 2.1. The third partial derivative (6.3) is obtained by noticing that
Remark 6.2. By mathematical induction, one can establish the following formula
when j ≤ n and k ≤ m, and vanishes otherwise. Accordingly, we deduce
], and vanishes otherwise.
Thanks to the previous proposition, we can assert the following. 
Proof. By writing down the Taylor series of the polynomials H
and next using (6.5), we get
Finally, by taking h = −γ and using the fact that H (p,q)
n,m (z, w|0) = z n w m , we find
Corollary 6.4. The following operational formula holds true,
Proof. Direct computation yields
The first recursion relation in this section is the following. 
and This completes our check of (6.8). For the proof of (6.9), notice first that 
